Representations by modulars of certain norms on banach function spaces  by Heckscher, Stevens
MATHEMATICS 
REPRESENTATIONS BY MODULARS OF CERTAIN NORMS 
ON BANACH FUNCTION SPACES 1) 
BY 
STEVENS HECKSCHER 
(Communicated by Prof. A. C. ZAANEN at the meeting of January 28, 1961) 
l. Introduction 
This article is the second of two, concerned with a class of function 
spaces, namely, variable Orlicz spaces (VO-spaces). The first, HECKSCHER 
[1 ], dealt with preliminary results concerning these spaces. We will use 
without comment the terminology and notation of that paper, and for 
reference it will be denoted by the symbol H. In the present work we deal 
with a special solution to the following problem: Which norms on Banach 
function spaces arise from modulars which are completely additive in the 
sense of H, § 5? Specifically, we will characterize those norms identical 
with or equivalent to norms belonging to VO-spaces simply parametrized 
by a given layered family of Young functions. As an application we 
characterize all Banach function space norms identical with or equivalent 
to "variable D'-space" norms. The modulars of all these norms are com-
pletely additive (H, § 5). In what follows, of= <LI, fk, A> will stand for 
a measure space of consisting of a a-ring A of /k-measurable subsets of a 
point set Ll, where fk is a non-negative, countably-additive, non-atomic 
measure, such that O<fk(LI)<oo. We choose once and for all a sequence 
{Sn} of subdivisions of [0, 1 ], as follows: Let the nth subdivision Sn be 
O=tf<t~< ... <t~n-1+ 1 = 1, with Sn a refinement of Sn_ 1, and such that 
the norm of Sn tends to 0 as n ---+ oo. {Sn} will be called the standard 
sequence of subdivisions. 
2. The main theorems 
Throughout this section, !F = { cpt : 0;;;; t;;;; 1} will stand for a fixed, 
layered family of Young functions having the properties (G2)-(G5) of H. 
The symbol LMw(E), where E E A, stands for the Orlicz space, over the 
measure space E, generated by a given Young function cJi; in particular, 
we will write LMw(Ll)=LM<I>• and II·IIMw will be the modular norm on LM<I> 
1) This research was carried out while I was at the University of Leiden, holding 
a student Fulbright grant from the U.S. Government. This paper is part of a doctoral 
thesis submitted to Harvard University. My warm thanks go again to Professor 
L. H. LooMIS of Harvard, who suggested the original problem, and to Professor 
A. C. ZAANEN of Leiden, for their great kindness in overseeing this research. 
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associated with the modular fA <l>(lf[)d,u. If X =X(LI) is any Banach function 
space, we will extend its norm to all of the set M of measurable complex-
valued functions on Ll, by defining 11/llx=oo iff EM -X. We now study 
three conditions to be imposed on a Banach function space X =X(LI), the 
first of which is the following : 
(A l) For all A with 0 ~A~ l, there exist a measurable set E;. C Ll and 
a constant K;. < oo such that, for all f EM, 
(l) 
where <1>;. E :F. Moreover, E;. is maximal with respect to this property, to 
within sets of measure 0. 
Let X be a Banach function space having the property (A l). To the 
standard sequence {Sn} there corresponds a sequence {Rn} of collections 
of meas-qrable subsets of Ll. Namely, for each n, Rn is the collection 
{D~, ... , D~n-1}, where Df=Ef-Ef+I (l~i~2n- 1 ); here Ej means the 
set E;., where A=tj, given by (A l). The second and third properties are 
given for a Banach function space having already the property (A l). 
<l>f will mean the element <1>;. of :F, where A=tf. 
(A 2) Let A1, ... ,AN be positive numbers, and F1, ... , FN mutually dis-
joint, positively measurable subsets of Ll. Let f= .Lf AiXFi' and, for each 
n>O and i, j with l~i~N, l~j~2n-t, set Df4=Fi n Dj. Then 
(2) N zn-I ( A. ) lim I I <t>:; -11/1,1 ft(D#) = L 
n~oo •~I 1~1 X 
(A 3) The set of all f EM for which the sequence 
{ 2~#: !n <f>f([f(x)[) dft(X) r~I 
' 
(3) 
is bounded, is a set of the second category in X. 
We need now two lemmas on Banach function spaces, which depend 
crucially on the closed-graph theorem. 
Lemma l. If Y1 = Y1(LI) and Y2 = Y2(LI) are two Banach function 
spaces, then Y 1 C Y 2 if and only if there exists a constant C < oo such that, 
for all f EM, 11/llv,~C!I/IIv.· 
Proof (after LuxEMBURG [3], Ch. 2, § 2, theorem 4): In one direction the 
statement is obvious. Conversely, suppose Y1 C Y2. Let Un} be a sequence 
of elements of Y1 such that lim 11/n- /llv. =lim 11/n- gllv, = 0, for f E Y1, 
g E Y2. Then, as pointed out in H, § l, {In} has a subsequence {gn} which 
converges pointwise a. e. to f; likewise, {gn} has a subsequence which 
converges pointwise a.e. to g. Hence f(x) =g(x) a.e., so f=g considering 
1 and g as elements of Y2. But f E Y1 so g E Y1. Therefore the identity 
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transformation from Y1 into Y2 is closed. By the closed-graph theorem 
this transformation is bounded, so there exists C < oo with the required 
property. 
Corollary. If Y1 and Y2 contain exactly the same functions, then the 
Y1- and Y 2-norms are equivalent. 
Neither the lemma nor its corollary required the fact that ,u(LI) < oo. 
We commence now our study of the properties (A 1), (A 2), and (A 3). 
We make first the observation that, if 0 ;£; s < t ;£; 1 and E E A with 
,u(E) > 0, then LM<I>s(E) ::) LM<I>t(E). For, inclusion follows by H, (G 4), 
and if the inclusion is not proper, then, by LuxEMBURG [3], Ch. 2, § 1, 
lemma 1, the contradictory to condition H, (G 5) would hold, since ,u is 
non-atomic. Hence the inclusion is proper. For completeness we should 
observe that any VO-space simply parametrized by .'F has, by virtue of 
H, § 3, lemma 3, the property that LM<r>•(LI) J X(LI) J LM<I>'(LI). 
Theorem 1. Let X =X(LI) be a VO-space simply parametrized by the 
layered family :F. Then X has the properties (A 1), (A 2), and (A 3). In 
fact, for all f EM, f EX if and only if the sequence (3) is bounded. 
Proof. Take any A, 0;£;A;£;l. Let E;.=G[J,.lJ (see H, § 3). If A=O, 
E;.=LI, whence LM<r>•(E;.) J X(E;.); by lemma 1, E;.=Eo satisfies all the 
requirements of (A 1), which property is thus proved for A=O. Thus we 
may assume 0<A;£; l. By H, § 3, lemma 1, E;. is measurable. If x E E,_, 
then, by (G 4) of H, if>'-(u) ;£; if>(x, u) for all ~,> uo. Therefore LM<r>'-(E;.) J 
J X(E,.). By lemma 1 there exists K;. < oo such that, for all I EM, in-
equality (1) of (A 1) is satisfied. In completing the proof of (A 1), it 
remains to be shown that E ,_ is essentially maximal as required. Suppose 
E' E A and E;. C E', with ,u(E' -E;.) > 0. We will prove that X(E' -E,_)::) 
::) LM<r>'-(E'- E ,_); by lemma 1 no constant K' < oo will exist satisfying, for 
all IE M, the inequality llfXE'IIM<r>'-;£;K'JifxE,Jix; thus the maximality will 
be proven. First, we assert the existence of s>O and a subset E C E' -E,_ 
with ,u(E) > 0, such that E C Gro.J.-e)· To prove this, let {An} be a sequence 
such that 0 =AI< A2 < . . . and An t A. Then 
and since E' -E;. C Gw.M we have 
00 
E' -E,_ = U [G[;.n.;.n+Il n (E' -E,_)]. 
n~l 
Since the sets G[,_ ;. l n (E' -E,_) for n= 1, 2, ... are disjoint, and 
n• n+I 
,u(E' -E;.)> 0, at least one of these sets, say that for n=N, has positive 
measure. Call this set E. Set B=A-AN+I· Then ECGw.J.-•l• ECE'-E;., 
and the assertion about the existence of B and E is proved. Second, we 
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have LM.pi.-e(E) :J LM<P;.(E), by the observation made preceding the state-
ment of theorem 1. Therefore 
the first inclusion coming from E C G[o,i.-•l' Hence, since E C E' -E;. and 
fl(E) > 0, there exist plenty of functions in X (E'- E ;.) which are not in 
LM<~>•(E' -E,). But, on the other hand, E' -E, C Gw.i.l' so X(E' -E;.) :J 
:J LM<~>;.(E' -E,), as desired. This completes the proof of (A I). We 
consider now the proof that X has property (A 2). For each n, consider 
the sets Llf, ... , Ll~n-1 defined in H, § 3 by Llf=G[t'lf 1r; ); these sets are 
•' •+I 
measurable, disjoint, and cover Ll. Now let A1, ... ,AN, F 1, ... , FN be as 
in the statement of (A 2); we must prove that (2) holds. Given n>O and i, 
I ~i~N, by the definition of ([>n given in H, § 3, we have, for all x E Fi, 
( A. ) 2n-1 ( A. ) ([>n X, llfllx = i~ Wj lltllx x&(x), 
where Xii stands for the characteristic function of the set Llij = Fi n L17, 
and /= .2f AiXFi· Thus, 
Now, by H, § 3, lemma 2, we have for all x, 
To apply the Lebesgue convergence theorem we prove bounded conver-
gence separately on the sets El=LI[//11/IIx~uo], E2=LI[f/11/llx>uo]. For 
all x E E1, we have by H, (G 4), 
wn(x,~j~~) ~ ([>n(x, uo+I) ~ W1(uo+I) < oo, 
while, if A= sup {f(x)/11/llx : x E E2} so that A> uo, we have, for all x E E2, 
that 
Therefore, by the Lebesgue convergence theorem, 
N 2n-1 ( A. ) ( /( ) ) lim _.2 .L Wj -1111•1 ft(Liij) = lim J ([>n x, II/XII dft(X) 
n--:'1-00 t=l 'J=l X n---?oo A X 
( f(x)) ( f ) 
= J ([> x, 11/llx dft(X) = m 11/llx = 1' 
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by H, § 3, lemma 4 and H, § 1, lemma y. To complete the proof that (2) 
holds it only remains to observe that since !Jj=Dj, we have !Jij=Dij. 
To prove that X obeys (A 3) we will show that, given IE M, IE X if 
and only if the sequence (3) is bounded; since X is a Banach space, (A 3) 
will then follow by the Baire category theorem. Let B be the set of all 
IE M such that (3) is bounded. Suppose IE X. By H, § 3, theorem 2, 
{mn(f)} is bounded. But, since Df=!Jf we have 
2n-1 
rnn(f) =I if:Jn(x, il(x)j)d,u(x) = L I if:Jf(il(x)j) d,u(x), n= 1, 2, .... 
L1 i~1 Df 
Therefore (3) is bounded and IE B. We have shown that XC B. Suppose 
IE B. Then {mn(f)} is bounded and, by H, § 3, theorem 2, IE X. Therefore 
B =X and theorem 1 is proven. 
We collect here a few remarks about the sets Df. Let X be a Banach 
functionspacehavingtheproperty (A 1) and the further property that, for all 
E E A with ,u(E) > 0, LM<I>'(E) J X(E) :J LM<l>'(E). Note first that, since 
the sets Ef are uniquely determined by (A 1) to within sets of measure 
zero, therefore so are the sets Df. This means that adding or subtracting 
to or from any of the sets Ef a set of measure zero alters the sets Df 
at most by a set of measure zero, and the truth values of (A 1), (A 2), and 
(A 3) are unaffected. We can avoid "modulo null set" arguments in the 
sequel if we proceed now to do this, in the following way. We are assuming 
that LM<~>r(!J) J X(/J). But, by (A 1) and lemma 1, we have LM<~>r(Ef) J 
J X(Er), with Er essentially maximal with respect to this property. 
Hence Ef almost equals !J; that is, their characteristic functions are 
equal a.e. We may without loss re-define Ef=!J by adding at most a null 
set of points to Ef. Thus now Ef J E~. We will show momentarily that 
Ef+ 1 is included in Ef except possibly for a null set. Assuming that this 
has already been proven, we will proceed as follows: Delete from E~ all 
points not belonging to E~. Then Ef J E~ J E~. Continue re-defining 
the sets Ef in this way until the end has been reached, and we have 
Ef J ... J E~n-1n Finally we note that ,u(E~n-1+ 1 ) = ,u(EI) = 0, for if 
,u(E1) > 0 then, since X(E1) :J LM<I>'(E1) we see that (A 1) for A= 1 is denied. 
Hence ,u(E~n-1+ 1)=0. Thus we may diminish E~n-1+ 1 still farther by re-
defining E~n-1+ 1 =cp. We still have Er J ... J E~n-1+ 1 and no set Ef has 
been altered by more than a null set. We do this for each integer n > 0. 
The truth values of (A 1) (for .A.=tf), (A 2), and (A 3) remain unchanged. 
We now take up the proof that, even before this re-definition, Ef+ 1 is 
contained in Ef except possibly for a null set. Since X has the property 
(A 1), by lemma 1, Ef is maximal, to within null sets, with respect to 
the property LM<~>"-'(E) J X(E). By (G 4) of H, for all E E A we have 
• 
Therefore, by (A 1 ), 
LM<!>f (Ef+1) J LM<l>f+I (Ef+I) J X (Ef+1), 
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so, since 
we have 
LM</Jf(Ef u Ef+1) J X (Ef u Ef+1). 
By the essential maximality of Ef, Ef+1 must be contained in Ef except 
possibly for a null-set. Having made the re-definitions as described, we 
note that L1 =D~ u ... u D;n- 1 and Df n Dj=r/> if i=Fj. This can be 
shown by induction on n. It should also be observed that, for each n, if i, j 
are such that tf=tj+ 1 <tf1l<tj_Ji=tfw then Df=Dj+1 u Df1I 
Theorem 2 . Let X= X ( L1) be a Banach function space with the property 
that, for all E E A with p(E) > 0, LMrpo(E) J X(E) :J LM<l>'(E). Suppose X 
has the properties (A l) and (A 2). Then X is a VO-space simply parametrized 
by the layered family ~. 
Proof. First we carry out the procedure of re-defining the sets Ef 
given by (A l ), as detailed in the immediately preceding remarks; we 
have seen that X still satisfies (A 2) with the sets Df as altered. We will 
define a sequence of functions pt, p2, ... from L1 into [0, l ], as follows: 
For each n, let 
2n-1 
Pn = ~ tfxf, 
i~1 
where xf stands for the characteristic function of Dy. Then, for all X E L1' 
Pn(x) E [0, 1], so, for each x choose the element (/)PntxJ E ~. Set 
fPn(x, u) = (/)Pntxl(u), x E .1, u;;;: 0. 
For all A.;;;: 0, the function x --+ fPn(x, A.) is measurable since it is constant 
on each of the measurable sets Df. By the remark immediately preceding 
the statement of this theorem, given x EDf, Pn(x) = Pn+ 1(x) or Pn(x) < Pn+ 1(x) 
according as x E Dj+ 1 or x EDf:l, where Df=Dj+ 1 U Dftl- The result is 
that Pn(x) t as n --+ CXJ. Let p(x) =lim Pn(x); then, for each x, p(x) E [0, l]. 
For all xEL1, choose the element fPxE~by: fPx=fPPtxl; let fP(x,u)= 
=fPx(1t). Our first object is to show that the thus defined function fP 
obeys (F l)(a) and (F 2)(a) of H. Take any A.;;;:O. Then, since~ has the 
property (G 3) of H, we have, for all x, that fP(x, A.) =lim fPn(x, A.). Since 
the function x --+ fP(x, A.) is thus the limit of a sequence of measurable 
functions, it is itself measurable. This proves (F l )(a). To prove H, 
(F 2)(a), we note that, by H, (G 2), @l(u) < = for all u. Thus setting 
A.= uo + l, we have I.1 fP(x, A.)dp(x);;;; I.1 fP1(u0 + l) dp(x) <=·Therefore (F 2)(a) 
is satisfied. For all f EM let mo(/) = I.1 fP(x, 1/(x)l) dp(x). Then the modular 
mo defines in the usual way a modulared space X 0 with modular norm 
II· llo, say; Xo is a VO-space simply parametrized by the layered family ~. 
By H, § 2, theorem la, Xo with this norm is a Banach function space. 
· Our object is to show that X= Xo (isometrically). It is sufficient to prove 
·that, given any non-negative measurable simple function fo, then 
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11/ollx= llfollo. For, assuming this has been proven, take any f EX; let {!,.} 
be a sequence of non-negative measurable simple functions such that 
f,.(x) t Jf(x)J. Then, since Xo and X are both Banach function spaces, they 
have property (P2) ofH, §l. Therefore 11/llx=limll/,.llx=limll/,.llo=ll/llo. 
That is, f E Xo and 11/llx= 11/llo. Thus XC Xo, and, similarly, Xo C X. 
Therefore X= Xo isometrically. So, let f be a non-negative measurable 
simple function; we prove 11/llx = 11/llo. If f is null we have finished, so we 
may assume that f= .2f.A;XFi' where Ai>O, tJ(F;)>O, and F1, ... , FN are 
mutually disjoint subsets of .d. For all x E F; we have 
where xii is the characteristic function of D:ij = F; n Dj. Therefore 
( f(x)) _ N 2n-l n ( A; ) n l rpn X, 11/llx dtJ(X) - i~ i~l rpi 11/llx tJ(Dii). 
Since .f7 has the property (G 3) of H, 
for every x. This convergence is bounded separately on the sets 
L1 [//11/llx ~ uo] and L1 [//11/llx>uo] 
so we may apply the Lebesgue convergence theorem to obtain 
. ( f(x)) ( f(x)) '~~~ l rpn X, 11/llx dtJ(X) = l rp X, 11/llx dtJ(X). 
Thus, since X has the property (A 2), 
( f ) ( f(x)) mo 11/llx = l rp x, 11/llx dtJ(X) 
Now, by H, § 1, lemma {3, we have 11/llx= 11/llo. 
Theorem 3. Let X= X (L1) be a Banach function space such that, for 
all E E A with tJ(E) > 0, LM<~>'(E) J X(E) :J LM<~>'(E). Suppose that X has 
the properties (A 1) and (A 3). Then X can be re-normed with an equivalent 
norm so as to be a VO-space simply parametrized by the layered family .f7. 
Proof. The proof of this theorem is identical with that of the last 
through the definition of the function p and the YO-space Xo simply 
parametrized by .f7. For this part of that proof, property (A 1) only is 
needed. We carry over to the present proof the notations of the previous 
proof. For all f EM, set mn(f)=fLir/Jn(x,Jf(x)J)dtJ(X). Let B be the set of 
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all IE M such that the sequence (3) is bounded. We first show that Xo 
and B contain exactly the same functions. For each n, 
~n --1 
mn(f) = L f cPf(ll(x)l) d.u(x). 
i=l Df 
We prove that I E Xo if and only if {mn(f)} is bounded. Suppose I E Xo. 
It sufficies to show that the function ctin(x, ll(x)l) is dominated by a 
summable function which is the same for every n. Set E1=Ll[lll ;:;;uo], 
E2 = Ll [Ill> uo]. For all x E E1, 
ctin(x, ll(x)l) ;:;; ctin(x, uo + l) ;:;; cP1(uo + l ), 
and fE,ctil(uo+l)d.u<oo. For all x EE2, since Pn(x);:;;p(x) we have 
ctin(x, ll(x)l);:;; cti(x, ll(x)l) 
and, by H, § 3, lemma 4, the integral of the right member is finite. We 
have shown that {mn(f)} is bounded. Conversely, suppose {mn(f)} is 
bounded. For each x ELl we have by H, (G 3) that 
cti(x, ll(x)i) = lim cPn(X, ll(x)i). 
n~oo 
By Fatou's lemma, mo(/);;;; lim inf mn(f) < oo. Therefore I E Xo. This com-
pletes the proof that Xo and B contain exactly the same functions. 
Now, since X has the property (A 3), B, and therefore X 0, are sets of 
the second category in X. LetT be the identity transformation from the 
Banach space Xo into the Banach space X. Then Tis linear, and we will 
prove it closed. Suppose Un} is a sequence of elements of Xo such that 
I lin- lllo -+ 0 and I lin- gllx ~ 0, where I E Xo and g EX. Then, as in the 
proof of lemma l, l(x)=g(x) a.e.; hence Tl=g EX0• Therefore Tis closed, 
with domain Xo a Banach space, and range Xo a set of the second category 
in the Banach space X. By a well-known theorem (ZAANEN [5], Ch. 7, 
§ ll, theorem 6), the range ofT is all of X. That is, Xo and X contain 
exactly the same functions. By the corollary to lemma l, the X 0- and X-
norms are equivalent. Since X 0 is a VO-space simply parametrized by 
the layered family ~' the proof is complete. 
In the next section we will present a counterexample to show that con-
dition (A l) by itself is not sufficient to characterize all VO-spaces on Ll 
simply parametrized by ~' lying "between" LM<I>' and LM<I>'· 
3. Variable LP-spaces. Some counterexamples 
If E E A and l ;:;; A, then D·(E) will denote the Lebesgue space L'· over 
E, and 11·11.< will denote the L-'(Ll)-norm. Let p, with l ;:;;p(x) for all x, 
be a bounded measurable function. For all I EM, set m(f) = JLlll(x)IP(xl d.u(x). 
If X is the linear space of all I E M with m(Af) < oo for some A> 0, then, 
as we have seen in H, § 4, with norm ll·llx the modular norm associated 
with m, X is a VO-space simply parametrized by the layered family 
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.fF={<J>t: O~t~1}, where <J>t(u)=u1 -t+tP, P>sup {p(x): x EL1}. For all 
E E A with !f(E) > 0, we have £l(E) J X(E) ~ LP(E), since the Orlicz 
spaces L 111q,o, L,,w are simply L1 and LP. If p(x) =A, X(L1) is isometrically 
the Lebesgue space LA(L1). 
Definition 1. X will be called a variable LP-space, abbreviated VLP-
space. 
Since, for the present case, the Orlicz spaces LMq,.<(O ~A~ 1) reduce to 
Lebesgue spaces Li'(1~!f~P), the properties (A 1), (A2), and (A 3) can 
be restated as follows: 
(B 1) For all A with 1 ~A~P, there exist a measurable set E, C L1 and a 
constant K,<oo such that, for all f EM, 
llfXE)I.< ~ K,llfXE,IIx· 
Moreover, E, is maximal with respect to this property, to within sets of 
measure 0. 
Let X be a Banach function space having the property (B 1). Choose 
once and for all a "standard" sequence {S~} of subdivisions of [1, P], 
such that S~ is the subdivision 1 =pi<p~< ... <p~n-1+ 1 =P, such that 
s~ is a refinement of s~-1> and such that the norm of s~ tends to 0 as 
n --+oo. Given nand i, 1~i~2n-1, let Ef be the set E, given by (B 1) 
with A=pf; let Df=Ei-Ef+l" Consider the properties (B 2), (B 3) for X: 
(B 2) Let At, ... ,AN be positive numbers, and Ft, ... , FN mutually 
disjoint, positively measurable subsets of L1. Serf= !f Ai XFi, and, for each 
n>O and i, j with 1~i~N, 1~j~2n-1, set D&=Fi n Dj. Then 
N 2n-1 ( ).. )P"-' 
lim .! .L -11/1•1 1 !f(D&) = l. 
n-cooo >~1 1 ~1 X 
(B 3) ThP- set of all f EM for which the sequence 
r~t1 1'1'.' lf(x)IPf d!f(X) [~1 
• 
(1) 
is bounded, is a set of the second category in X. 
By theorems 1, 2, 3 of § 2, we have at once the following. 
Theorem 1. Let X =X(L1) be a VLP-space generated by a measurable 
function p on L1, with 1~p(x)~P for all x EL1. Then X has the properties 
(B 1), (B 2), and (B 3). In fact, for all f EM, f EX if and only if the 
sequence ( 1) is bounded. 
Theorem 2. Let X =X(L1) be a Banach function space with the property 
that, for all E E A with #(E)> 0, Ll(E) :2 X(E) ~ LP(E). Suppose X has 
the properties (B 1) and (B 2). Then X is a V LP-space generated by a function 
pEM with 1~p(x)~P for all xEL1. 
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Theorem 3. Let X =X(Ll) be a Banach function space such that, for 
all E E A with tJ(E) > 0, Ll(E) J X(E) :) LP(E). Suppose that X has the 
properties (B 1) and (B 3). Then X can be re-normed with an equivalent norm 
so as to be a V LP-space generated by a function p E M with 1 ~ p(x) ~ P for 
all X E LJ. 
VLP-spaces were first (essentially) introduced by H. NAKANO (e.g., [4]), 
and have been studied by him and his school as important examples of 
modulared spaces. They were also investigated by J. A. KALMAN [2]. 
The following example, suggested by A. C. Zaanen, shows that (B 1) 
is not sufficient by itself to characterize all V LP-spaces X with 
Ll(E) J X(E):) LP(E) (tJ(E) > 0). 
Define the function rJ> by: 
r/J( u) = eu, 0 ~ u ~ e, 
u2 
r/J(u) = 1--, e < u. ogu 
Then rJ> is a Young function. We therefore consider the Orlicz space 
LM<Il(Ll), and also the Lebesgue space L2(L1). If u~e, then r/J(u) ~u2. There-
fore LM<Il(Ll) JL2(L1). Let Pn=2-n-1 (n=1, 2, ... ),so that Pn t 2. Then, 
for each n, uPn ~ r/J( u) for all sufficiently large u, whence 
Thus 
n L"(Ll) J L2(L1), n L"(Ll) ::2 LM<Il(Ll). 
I;:;:;.l<2 I;:;:;.l<2 
Choosing P > 2, we conclude that both L2(L1) and LM<Il(Ll) have the property 
(B 1). L2(L1) is a VD'-space with p(x) = 2, and it follows from the above 
inclusions that if (even with an equivalent norm) LM<Il is also a VLP-space, 
it must be L2; that is, it must contain exactly the same functions as L2. 
But r/J(2u) ~ 4r/J(u) for all u, so, by H, § 3, lemma 4, f E LM<Il if and only if 
fLlr!>(/fi)dtJ<oo. Assuming, then, that LM<Il(Ll) CL2(L1), we would have by 
LuxEMBURG [3], Ch. 2, § 1, lemma 1, the existence of uo> 0 and b> 0 
such that, for all u~u0, u2~br/J(u), i.e., log u~b, which is absurd. Hence 
n V(Ll) ::2 LM<Il(Ll):) L2(L1), 
I;:;:;.l<2 
and LM<Il is not a VLP-space, yet has the property (B 1). 
If tJ(Ll) ~ 1 and p~, P2 are constants with 1 ~PI~ p2, then, as is well-
known, 11/llv, ~ 11/IIP,. That this is not true in general for VLP-spaces, and 
that the constant K, in (B 1) thus cannot generally be taken equal to 
1 even if tJ(Ll) ~ 1, is shown by the following simple example. Let fl be 
Lebesgue measure on Ll=[O, 1]. Set p(x)=2 if O~x~ 1/2, and p(x)=1 if 
lf2"<x~ 1. Let X be the VLP-space generated by the function p. We will 
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show that ll/ll1;;:;; 11/llx fails for a certain f EX. Let E1 = [0, 1/2], E2 = (1/2, 1 ], 
and let f=xE,+2xE,· Then ll/ll1= 3/2, but 
llf(x)lv(xl 8 ! iif"ir d[i(X) = g < l. 
By H, § I, lemmas ex and y, 11/llx< ll/ll1· 
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